On an unconditional basis of generalized eigenvectors of an analytic operator and application to a problem of radiation of a vibrating structure in a light fluid  by Feki, Ines et al.
J. Math. Anal. Appl. 375 (2011) 261–269Contents lists available at ScienceDirect
Journal of Mathematical Analysis and
Applications
www.elsevier.com/locate/jmaa
On an unconditional basis of generalized eigenvectors of an analytic
operator and application to a problem of radiation of a vibrating
structure in a light ﬂuid
Ines Feki, Aref Jeribi ∗, Ridha Sfaxi
Département de Mathématiques, Université de Sfax, Faculté des sciences de Sfax, Route de soukra Km 3.5, B.P. 1171, 3000, Sfax, Tunisia
a r t i c l e i n f o a b s t r a c t
Article history:
Received 16 March 2010
Available online 8 September 2010
Submitted by P. Broadbridge
Keywords:
Generalized eigenvectors
Unconditional basis with parentheses
Elastic membrane
In this paper, we prove that the system of generalized eigenvectors of the perturbed
operator
T (ε) := T0 + εT1 + ε2T2 + · · · + εkTk + · · · ,
forms an unconditional basis with parentheses in a separable Hilbert space X; where ε ∈C,
T0 is a closed densely deﬁned linear operator on X with domain D(T0), having compact
resolvent, while T1, T2, . . . are linear operators on X , with the same domain D ⊃D(T0),
satisfying a speciﬁc growing inequality. An application to a problem of radiation of a
vibrating structure in a light ﬂuid is presented.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
In the present paper, we deal with the operator
T (ε) := T0 + εT1 + ε2T2 + · · · + εkTk + · · ·
(see [3,4,11]), verifying the following conditions:
(H1) T0 is a closed densely deﬁned linear operator on a separable Hilbert space X with domain D(T0) ⊂ X ,
(H2) T0 has a compact resolvent,
(H3) T1, T2, T3, . . . are linear operators on X having the same domain D ⊃ D(T0) and satisfying the following inequalities:
‖Tkϕ‖ qk−1
(
a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β
)
, for all ϕ ∈ D(T0) and k 1, (1.1)
where a,b,q 0 and β ∈ ]0,1[.
In the beginning, proceeding as in [1], we prove that for |ε| enough small T (ε) has also a compact resolvent (see Theo-
rem 3.2). Consequently, the spectrum σ(T (ε)) of T (ε) is discrete, i.e., σ(T (ε)) consists of isolated eigenvalues (λn)n with
ﬁnite algebraic multiplicities and such that |λn| → ∞. Set
Hn =
⋃
m1
N
(
T (ε) − λn
)m
,
where N(T (ε) − λn) designates the null space of T (ε) − λn .
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value λn . These subspaces are linearly independent. Vectors in Hn are called generalized eigenvectors of T (ε). The spectral
projection of T (ε) on Hn is deﬁned by
Pn = 1
2iπ
∫
Cn
(T (ε) − σ I)−1 dσ ,
where Cn is a positively oriented circle with center λn and such that no other eigenvalue lies inside or on the circle.
A natural question is to seek if every ϕ belonging to X (or to a subspace of X ) can be expanded in terms of generalized
eigenvectors of T (ε). More precisely, the question is to know if the Fourier series
∑
n Pnϕ converges in norm for every ϕ in
X and if its sum is equal to ϕ .
The main goal of this paper is to provide necessary conditions which assure the existence of an unconditional basis
with parentheses. The later is formed by the system of generalized eigenvectors of the operator T (ε). Indeed, we show in
Theorem 3.3 that if the assumptions (H1)–(H3) are satisﬁed, T0 is self-adjoint and
limsup
r→∞
N(r, T0)
r1−β
< ∞,
then, for |ε| enough small, the system of generalized eigenvectors of T (ε) forms an unconditional basis with parentheses
in X . Here, N(r, T0) denotes the sum of multiplicities of all eigenvalues of T0 contained in the disk {λ ∈ C such that |λ| r}.
This result is inspired by [1], where the authors dealt with a Gribov operator (see [6] and [8]) in Bargmann space
(see [2]). Essentially, they proved that the system of the generalized eigenvectors of the Gribov operator
Hλ′′,λ′,μ = λ′′A∗3A3 + λ′A∗2A2 + μA∗A + iλ
(
A∗ + A)A,
forms an unconditional basis with parentheses in the Bargmann space:
E =
{
ϕ :C −→ C entire such that
∫
C
e−|z|2
∣∣ϕ(z)∣∣2 dzdz¯ < ∞ and ϕ(0) = 0},
where λ′′, λ′ and μ are real numbers and A (resp. A∗), is the standard annihilation operator (resp. is the standard creation
operator).
Our analysis is essentially based on the results obtained by A.S. Markus in [9] and by S.Ja. Jakubov and K.S. Mamedov
in [12].
To illustrate the applicability of the abstract results described above, we give an application to a problem of radiation of
a vibrating structure in a light ﬂuid. More precisely, we consider the following eigenvalue problem:
Find the values λ ∈ C for which there is a solution ϕ ∈ H20(]−L, L[) ∩ H4(]−L, L[), ϕ = 0 for the equation:
T0ϕ + εK (T0 − B) = λ(I + εK )ϕ,
where λ = ω2ρ1T1 , ε =
2ρ0
ρ1
,
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
T0 : D(T0) ⊂ L2([−L, L]) −→ L2
([−L, L])
ϕ −→ T0ϕ(x) = d
4ϕ
dx4
D(T0) = H20
([−L, L]) ∩ H4([−L, L]),⎧⎪⎪⎪⎨
⎪⎪⎪⎩
B : D(B) ⊂ L2(]−L, L[)−→ L2(]−L, L[)
ϕ −→ Bϕ(x) = d
2ϕ
dx2
D(B) = H20
(]−L, L[)∩ H4(]−L, L[),
and ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
K : L2(]−L, L[)−→ L2(]−L, L[)
ϕ −→ Kϕ(x) = i
2
L∫
−L
H0
(
k
∣∣x− x′∣∣)ϕ(x′)dx′
where H0 is the Hankel function of the ﬁrst kind and order 0 (see [3,5,7]).
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we prove that the system of generalized eigenvectors of T (ε) forms an unconditional basis with parentheses in X . Finally,
in Section 4, we apply the obtained abstract results to a problem of radiation of a vibrating structure in a light ﬂuid.
2. Preliminaries
In this section, we give some deﬁnitions and preliminary results that we will need in the sequel.
Theorem 2.1. (See [12].) Let A be a closed densely deﬁned linear operator in a Hilbert space X, having compact resolvent and assume
that there exist a sequence of circles C(O , rk), k = 1,2, . . . , with radius rk going to inﬁnity, a constant c > 0, and an integer m −1
such that∥∥(A − λI)−1∥∥ c|λ|m, for |λ| = rk.
Then, the spectrum of the operator A is discrete and for any ϕ ∈ D(Am+2), there exists a subsequence of partial sums of the series∑
n Pnϕ converging to ϕ in the sense of X , where Pn = 12iπ
∫
Cn (A − σ I)−1 dσ and Cn is a positively oriented circle with center λn
(an eigenvalue of A) and such that no other eigenvalue lies inside or on the circle.
Deﬁnition 2.1. (See [9, p. 25].) A sequence {Vn}∞n=1 of subspaces of a Hilbert space X is called a basis (of subspaces), if any
vector ϕ belonging to X can be uniquely represented as a series,
ϕ =
∞∑
n=1
ϕn such that ϕn ∈ Vn. (2.1)
Deﬁnition 2.2. (See [9, p. 25].) A basis of subspaces in a Hilbert space X is said to be unconditional, if it remains a basis for
X under any permutation of the subspaces appearing in it, i.e., if the series (2.1) converges unconditionally for any ϕ ∈ X .
Deﬁnition 2.3. (See [9, p. 27].) A linearly independent sequence {ϕn}∞n=1 is called an unconditional basis with parentheses
for a Hilbert space X , if there exists a sequence of positive integers (nk)k such that n0 = 1 and the subspaces spanned by
the vectors {ϕn}nk−1nk−1 form an unconditional basis for X .
Deﬁnition 2.4. (See [9, p. 20].) Let A and B be linear operators on a Hilbert space X . We say that B is p-subordinate
(p ∈ [0,1]) to A if D(A) ⊂ D(B) and there exists a strictly positive constant c such that
‖Bϕ‖ c‖Aϕ‖p‖ϕ‖1−p, for every ϕ ∈ D(A).
For p = 1, we say that B is subordinate to A.
Theorem 2.2. (See [9, Theorem 6.12].) Let A be a normal operator on a Hilbert space X, having compact resolvent. Assume that the
spectrum of A lies on a ﬁnite number of rays and for some p ∈ [0,1[
limsup
r→∞
N(r, A)
r1−p
< ∞,
where N(r, A) denotes the sum of multiplicities of all eigenvalues of A contained in the disk {λ ∈ C such that |λ| r}. If the operator
B = T − A is p-subordinate to A, then the system of root vectors of T forms an unconditional basis with parentheses in X.
3. Main results
In this section, we assume that the hypotheses (H1)–(H3) are fulﬁlled and we consider the eigenvector problem:{
T0ϕ + εT1ϕ + ε2T2ϕ + · · · + εkTkϕ + · · · = λ(ε)ϕ
ϕ ∈ D(T0).
Let us recall the following result.
Theorem 3.1. (See [4, Theorem 2.1].) The series∑
k0
εkTkϕ
converges for all ϕ ∈ D(T0) and |ε| < q−1 . Let T (ε)ϕ be its limit, then T (ε) is a linear operator with domain D(T0). For |ε| <
(q + βb)−1 , T (ε) is closed.
The ﬁrst result of this section is given by the following theorem:
264 I. Feki et al. / J. Math. Anal. Appl. 375 (2011) 261–269Theorem 3.2. Assume that there exist a sequence of circles C(O , rk), k = 1,2, . . . , with radius rk going to inﬁnity and a constant c > 0
such that∥∥(T0 − λI)−1∥∥ c|λ|−β, for |λ| = rk, (3.1)
then, for |ε| enough small, the spectrum of the operator T (ε) is discrete and for any ϕ ∈ D(T 20 ), there exists a subsequence of partial
sums of the series
∑
n Pnϕ converging to ϕ in the sense of X , where Pn denotes the spectral projection of T (ε).
Proof. Let λ ∈ ρ(T0). We have
T (ε) − λI = T0 − λI + εT1 + ε2T2 + · · ·
= (I + εT1(T0 − λI)−1 + ε2T2(T0 − λI)−1 + · · ·)(T0 − λI).
Using Eq. (1.1), we get∥∥εkTk(T0 − λI)−1ϕ∥∥ |ε|kqk−1(a∥∥(T0 − λI)−1ϕ∥∥+ b∥∥T0(T0 − λI)−1ϕ∥∥β∥∥(T0 − λI)−1ϕ∥∥1−β),
for all k 1 and ϕ ∈ X . Due to the equality
T0(T0 − λI)−1 = I + λ(T0 − λI)−1,
and from Eq. (3.1), we obtain∥∥T0(T0 − λI)−1∥∥ 1+ c|λ|1−β,
for β ∈ ]0,1[ and |λ| = rk → ∞. Hence, for |λ| = rk suﬃciently large we have∥∥T0(T0 − λI)−1∥∥ c˜|λ|1−β,
where c˜ = 1+ c. So,∥∥εkTk(T0 − λI)−1ϕ∥∥ |ε|kqk−1c˜(a|λ|−β + b)‖ϕ‖,
for all ϕ ∈ X and k 1. Then, using the Neuman identity, we get(
T (ε) − λI)−1 = (T0 − λI)−1(I + K ),
for |ε| < (q + c˜(a|λ|−β + b))−1, where K =∑k1(−1)k Sk and S =∑k1 εkTk(T0 − λI)−1.
So, taking into account the hypothesis (H2), for |ε| < (q + c˜(a|λ|−β + b))−1, we get that T (ε) has a compact resolvent
and ∥∥(T (ε) − λI)−1∥∥ ∥∥(T0 − λI)−1∥∥ c˜|λ|−β .
Consequently, the result follows immediately from Theorem 3.1 and Theorem 2.1, which ends the proof of the theorem. 
The aim of this section is formulated as follows:
Theorem 3.3. If T0 is self-adjoint and
limsup
r→∞
N(r, T0)
r1−β
< ∞,
then, for |ε| enough small, the system of generalized eigenvectors of the operator T (ε) forms an unconditional basis with parentheses
in X, where N(r, T0) denotes the sum of multiplicities of all eigenvalues of T0 contained in the disk {λ ∈ C such that |λ| r}.
Proof. Let λ ∈ ρ(T0). We have
S := (T (ε) − λ)− (T0 − λ).
Using Eq. (1.1), we obtain
‖Sϕ‖
∑
k1
|ε|kqk−1(a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β)

∑
k1
|ε|kqk−1(a‖ϕ‖ + b(∥∥(T0 − λI)ϕ∥∥+ |λ|‖ϕ‖)β‖ϕ‖1−β),
for all ϕ ∈ D(T0). Since(∥∥(T0 − λI)ϕ∥∥+ |λ|‖ϕ‖)β  ∥∥(T0 − λI)ϕ∥∥β + |λ|β‖ϕ‖β,
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‖Sϕ‖ |ε|
1− |ε|q
(
a + b|λ|β)‖ϕ‖ + |ε|b
1− |ε|q
∥∥(T0 − λI)ϕ∥∥β‖ϕ‖1−β, (3.2)
for every ϕ ∈ D(T0) and |ε| < 1q . Moreover, λ ∈ ρ(T0), so T0 − λI is invertible and (T0 − λI)−1 is bounded. Then,
‖ϕ‖ ∥∥(T0 − λI)−1∥∥∥∥(T0 − λI)ϕ∥∥,
for all ϕ ∈ D(T0). So
‖ϕ‖β  ∥∥(T0 − λ)−1∥∥β∥∥(T0 − λI)ϕ∥∥β,
and then
‖ϕ‖ ∥∥(T0 − λI)−1∥∥β∥∥(T0 − λI)ϕ∥∥β‖ϕ‖1−β. (3.3)
Hence, substituting Eq. (3.3) into Eq. (3.2) we get
‖Sϕ‖ |ε|
1− |ε|q
((
a + b|λ|β)∥∥(T0 − λI)−1∥∥β + b)∥∥(T0 − λI)ϕ∥∥β‖ϕ‖1−β,
for all ϕ ∈ D(T0) and |ε| < 1q . So, the operator S is β-subordinate to T0 − λI .
On the other hand, since T0 is self-adjoint, T0 − λI is normal. Consequently, using Theorem 2.2, we conclude that the
system of generalized eigenvectors of T (ε) − λI forms an unconditional basis with parentheses in X . This ends the proof of
the theorem. 
4. Application
We consider an elastic membrane lying in the domain −L < x < L of the plane z = 0. The two half-spaces z < 0 and
z > 0 are ﬁlled with gas. The membrane is excited by a harmonic force F (x)e−iωt and its mechanical parameters are:
• E: Young modulus.
• ν: Poisson ratio.
• m: surface density.
• h: thickness of the membrane.
• D := Eh3
12(1−ν2) : the rigidity.
The ﬂuid is characterized by:
• ρ0: density.
• c: sound speed.
• k := ωc : the wave number.
Let u denote the displacement of the membrane and p the acoustic pressure in the ﬂuid. These functions satisfy the system:(
d4
dx4
− mω
2
D
)
u(x) = 1
D
(
F (x) − P (x))+ P˜ (x) for all ϕ ∈ ]−L, L[, (4.1)
where
P (x) = lim
η→0+
(
p(x, η) − p(x,−η)) and P˜ (x) = lim
η→0+
(
p˜(x, η) − p˜(x,−η)), (4.2)
(
 + k2)p(x, z) = 0 and ( + k2)p˜(x, z) = 0, for all z < 0 and z > 0, (4.3)
lim
z→0
∂p(x, z)
∂z
= ω2ρ0u(x) and lim
z→0
∂ p˜(x, z)
∂z
= ω2ρ0u(x), for all x ∈ ]−L, L[, (4.4)
lim
z→0
∂p(x, z)
∂z
= 0 and lim
z→0
∂ p˜(x, z)
∂z
= 0, for all x /∈ ]−L, L[, (4.5)
lim
r→+∞
(
∂p
∂r
− ikp
)
= 0 and lim
r→+∞
(
∂ p˜
∂r
− ikp˜
)
= 0. (4.6)
The solutions of systems (4.3), (4.4), (4.5) and (4.6) are given by
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2ρ0
2
L∫
−L
H0
(
k0
√(
x− x′)2 + z2)u(x′)dx′, (4.7)
p˜(x, z) = −sgn ziω
2ρ0
2
L∫
−L
H0
(
k0
√(
x− x′)2 + z2)( d4
dx4
− d
2
dx2
)
u
(
x′
)
dx′, (4.8)
for z < 0 or z > 0, where H0 is the Hankel function of the ﬁrst kind and order 0. The systems (4.1), (4.2), (4.7) and (4.8)
lead to the boundary value problem
(
d4
dx4
− mω
2
D
)
u(x) − iρ0
L∫
−L
H0
(
k
∣∣x− x′∣∣)(ω2
D
− 1
m
(
d4
dx4
− d
2
dx2
))
u
(
x′
)
dx′ = F (x)
D
, (4.9)
for all x ∈ ]−L, L[, u(L) = u(−L) = 0.
According to the deﬁnition given in reference [10, Chapter 9, Section 4], λ is the eigenvalue and u is the eigenmode.
Note that λ and u, each one of them depends on the value of ε. So, we denote λ := λ(ε) and u := u(ε).
Let the operator⎧⎪⎪⎪⎨
⎪⎪⎪⎩
T0 : D(T0) ⊂ L2
(]−L, L[)−→ L2(]−L, L[)
ϕ −→ T0ϕ(x) = d
4ϕ
dx4
D(T0) = H20
(]−L, L[)∩ H4(]−L, L[).
Remark 4.1. Due to [7, Lemma 3.2], T0 is a self-adjoint operator and has a compact resolvent. Then, let
T0ϕ =
∞∑
n=1
λn〈ϕ,ϕn〉ϕn
be its spectral decomposition, where λn = αn4 is the nth eigenvalue of T0 associated to the eigenvector ϕn(x) = μe 4
√
λnx +
ηe− 4
√
λnx + θei 4
√
λnx + δe 4
√
λnx (see [7, p. 7]).
Hence, for γ > 0, we deﬁne the operator T γ0 by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
T γ0 : D(T γ0 ) ⊂ L2(]−L, L[ −→ L2
(]−L, L[)
ϕ −→ T γ0 ϕ =
∞∑
n=1
λ
γ
n 〈ϕ,ϕn〉ϕn
D(T γ0 ) =
{
ϕ ∈ L2(]−L, L[) such that ∞∑
n=1
λ
2γ
n
∣∣〈ϕ,ϕn〉∣∣2 < ∞
}
.
In the sequel, we consider the following operators:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
B = T
1
2
0 : D(B) ⊂ L2
(]−L, L[)−→ L2(]−L, L[)
ϕ −→ Bϕ(x) = d
2ϕ
dx2
D(B) =
{
ϕ ∈ L2(]−L, L[) such that ∞∑
n=1
λn
∣∣〈ϕ,ϕn〉∣∣2 < ∞
}
and ⎧⎪⎪⎪⎨
⎪⎪⎪⎩
K : L2(]−L, L[)−→ L2(]−L, L[)
ϕ −→ Kϕ(x) = i
2
L∫
−L
H0
(
k
∣∣x− x′∣∣)ϕ(x′)dx′,
and the following eigenvalue problem:
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ϕ(L) = ϕ(−L) = ϕ′(L) = ϕ′(−L) = 0. (4.10)
Let |ε| < 1‖K‖ for which the operator I + εK is invertible. So the problem (4.10) becomes:
Find the values λ(ε) ∈ C for which there is a solution ϕ ∈ H20(]−L, L[) ∩ H4(]−L, L[), ϕ = 0, for the equation
(I + εK )−1 d
4ϕ
dx4
+ ε(I + εK )−1K (T0 − B)ϕ = λ(ε)ϕ.
The last problem is equivalent to: Find the values λ(ε) ∈ C for which there is a solution ϕ ∈ H20(]−L, L[) ∩ H4(]−L, L[),
ϕ = 0, for the equation(
d4
dx4
− εK d
2
dx2
+ ε2K 2 d
2
dx2
+ · · · + (−1)nεnKn d
2
dx2
+ · · ·
)
ϕ = λ(ε)ϕ.
We denote by Tn := (−1)nKn d2dx2 , D(Tn) = H2(]−L, L[), for all n 1.
We recall the following result obtained by A. Jeribi and A. Intissar in [7], which is a preparation for the proof of the
results in the rest of this section.
Theorem 4.1. (See [7, Theorem 4.2].) The Hankel operator K is compact on L2(]−L, L[).
Lemma 4.1. (See [7, Lemmas 3.2 and 3.4].) We have the following assertions:
(i) The injection from D(T0) into L2(]−L, L[) is compact.
(ii) The resolvent set of T0 is not empty. In fact, 0 ∈ ρ(T0).
(iii) The spectrum of T0 is constituted only of point spectra which are positive, denumerable and of which the multiplicity is one and
satisﬁes
0 < λ1  λ2  · · · λn → +∞ as n → +∞.
Further,(
(2n + 1)π
4L
)4
 λn 
(
(2n + 3)π
4L
)4
,
i.e.,
λn ∼+∞
(
nπ
2L
)4
.
(iv) There exists a sequence of circles C(O , rn), n ∈ N, with radius rn going to inﬁnity such that∥∥(T0 − λI)−1∥∥ c|λ|− 34 and |λ| = rn.
Proposition 4.1. The following properties hold.
(i) There exist positive constants a,b,q and β ∈ [ 12 , 34 ] such that
‖Tkϕ‖ qk−1
(
a‖ϕ‖ + b‖T0ϕ‖β‖ϕ‖1−β
)
for all ϕ ∈ D(T0) and all k 1.
(ii) For |ε| < 1‖K‖ , the series
T (ε)ϕ := T0ϕ + εT1ϕ + ε2T2ϕ + · · · + εkTkϕ + · · ·
converges for all ϕ ∈ D(T0).
Proof. (i) First, we claim that B is 12 -subordinate to T0. In fact, we have D(T0) ⊂ D(B) and for every ϕ ∈ D(T0)
‖Bϕ‖2 =
∞∑
n=1
λn
∣∣〈ϕ,ϕn〉∣∣2
=
∞∑
n=1
αn4
∣∣〈ϕ,ϕn〉∣∣2
= α
∞∑
n8
1
2
∣∣〈ϕ,ϕn〉∣∣2 12 ∣∣〈ϕ,ϕn〉∣∣2(1− 12 ).n=1
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‖Bϕ‖2 
( ∞∑
n=1
α2n8
∣∣〈ϕ,ϕn〉∣∣2
) 1
2
( ∞∑
n=1
∣∣〈ϕ,ϕn〉|2
)1− 12
 ‖T0ϕ‖‖ϕ‖.
Hence,
‖Bϕ‖ ‖T0ϕ‖ 12 ‖ϕ‖ 12 for all ϕ ∈ D(T0),
which ends the proof of the claim. Second, let us recall an interpolation inequality: For x, y, δ and θ positive numbers such
that 0 δ  θ , we have,
xδ yθ−δ  xθ + yθ .
Let β ∈ [ 12 , 34 ] and ϕ ∈ D(T0). Writing ‖T0ϕ‖
1
2 ‖ϕ‖1− 12 as
‖T0ϕ‖ 12 ‖ϕ‖1− 12 = ‖ϕ‖1−β‖T0ϕ‖ 12 ‖ϕ‖β− 12 ,
and since β  12 , we can apply the foregoing interpolation inequality to ‖T0ϕ‖
1
2 and ‖ϕ‖β− 12 with δ = 12 and θ = β , to
deduce that
‖T0ϕ‖ 12 ‖ϕ‖β− 12  ‖T0ϕ‖β + ‖ϕ‖β,
and
‖T0ϕ‖ 12 ‖ϕ‖ 12  ‖T0ϕ‖β‖ϕ‖1−β + ‖ϕ‖.
Consequently, taking into account the claim, we deduce that
‖Tkϕ‖ =
∥∥KkBϕ∥∥

∥∥Kk∥∥‖Bϕ‖
 ‖K‖k(‖T0ϕ‖β‖ϕ‖1−β + ‖ϕ‖)
 ‖K‖k−1(‖K‖‖T0ϕ‖β‖ϕ‖1−β + ‖K‖‖ϕ‖),
for all ϕ ∈ D(T0) and k 1. Hence, it suﬃces to take a = b = q = ‖K‖, which ends the proof of the ﬁrst assertion.
(ii) The result follows immediately from (i). 
Theorem 4.2. For |ε| < (‖K‖[1+ (c + 1)(|λ|−β + 1)])−1 , the spectrum of the operator T (ε) is discrete and for any ϕ ∈ D(T 20 ), there
exists a subsequence of partial sums of the series
∑
n Pnϕ converging to ϕ in the sense of L
2(]−L, L[), where Pn denotes the spectral
projection of T (ε).
Proof. The result is a consequence of Theorem 3.2, Lemma 4.1 and Proposition 4.1. 
Theorem 4.3. For |ε| < 1‖K‖ , the system of root vectors of the operator T (ε) forms an unconditional basis with parentheses in
L2(]−L, L[).
Proof. Let N(rn, T0) be the sum of multiplicities of the eigenvalues of the operator T0 which are included in the circle
C(O , rn) with radius rn = λn+λn+12 . Then,
N(rn, T0)
r1−βn
= n
(α2 (n
4 + (n + 1)4))1−β ∼+∞
n
α1−βn4(1−β)
.
Since β  34 , we have
limsup
r→∞
N(rn, T0)
r1−β
= lim
n→∞
1
α1−βn3−4β
< ∞.
Consequently, the result follows from Theorem 3.3 and Proposition 4.1. 
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